Abstract. A protorus is a compact connected abelian group. We use a result on finite rank torsion-free abelian groups and Pontryagin Duality to considerably generalize a well-known factorization of a finite dimensional protorus into a product of a torus and a torus free complementary factor. We also classify by types the solenoids of Hewitt and Ross.
Introduction
Pontryagin duality restricts to a category equivalence between the category of discrete abelian groups and the category of compact abelian groups, [3, Theorem 7 .63], [3, Proposition 7.5(i)], [2, (24. 3)], [2, (23.17) ]. The theory of discrete abelian groups is well-developed, [1] , often with a focus on direct decompositions. Thanks to Pontryagin duality there are equivalent results valid for compact abelian groups. We will study duals of completely decomposable abelian groups and in particular the "Main Decomposition" of torsion-free abelian groups of finite rank that says that every such group is the direct sum of a completely decomposable summand and a complementary summand that has no completely decomposable direct summands, [4, Theorem 2.5]. Our main results are Theorem 5.2 and Theorem 5.5. We also classify solenoids, i.e., one dimensional connected compact abelian groups, in terms of "types" and eliminate redundancies among the a-adic solenoids of Hewitt & Ross, Corollary 4.4.
Background
All groups considered in this paper are abelian groups, so in the following "group" means "abelian group". In the category of topological groups one has to distinguish between purely algebraic homomorphisms and algebraic and continuous morphism. By Hom(G, H) we denote the set of algebraic morphisms, i.e., the homomorphisms, and by cHom(G, H) we denote the subset of continuous homomorphisms. In the following A ∼ = B means that A, B are algebraically isomorphic, while G ∼ =t H means that the groups G, H are algebraically and topologically isomorphic, i.e., isomorphic in the category of topological groups. The Pontryagin Dual of a discrete group A is A ∨ = Hom(A, T) equipped with the compact-open topology, and the Pontryagin Dual of a compact group G is the discrete group
For any topological group G, the construct L(G) def = cHom(R, G) is its Lie Algebra. It is well-known that L(G) is a real topological vector space via the stipulation (rf )(x) def = f (rx) where f ∈ L(G) and r, x ∈ R, and with the topology of uniform convergence on compact sets [3, Definition 5.7, Proposition 7.36]. We define the
Remark 2.1. Let G be a compact group. Then the following are equivalent. 
Short Exact Sequences
Let G, H, K be topological groups. The sequence
• E is exact as a sequence in the category of discrete abelian groups, i.e., f and g are homomorphisms, f is injective, g is surjective, and Im(f ) = Ker(g), • f and g are continuous.
Lemma 3.1.
։ C be an exact sequence of discrete abelian groups. Then 
։ K be an exact sequence of topological groups, and assume further that H, G, K are compact Hausdorff groups. Then E ∨ : We will also have to dualize direct sums of discrete groups and products of compact groups.
Lemma 3.2.
(1) Let A = i∈I A i be a direct sum of discrete abelian groups. Then A ∨ = i∈I A ∨ i , the topology being the product topology. (2) Let G = i∈I G i be the topological product of the compact groups G i . Then
Proof. The exactness of 0
But this is an exact sequence of Q-vector spaces [3, Theorem 8.22 ] for dim G ≥ 1 and for dim G = 0 by Remark 2.1.
Totally factored compact Groups
A topological group G factors or is factorable if G ∼ =t i G i with nonzero factors G i that are topological groups. If G cannot be factored, then it is non-factorable. Connected compact groups of dimension 1 are non-factorable by Lemma 3.3. Connected compact groups of dimension 1 will be called solenoids. Torsion-free groups of rank 1 are well-understood and can be classified by means of "types". Completely decomposable groups are direct sums of rank-1 groups and, again, are well-understood and classified up to isomorphism by cardinal invariants, [1, Chapter 12.1, Theorem 1.1, Theorem 3.5]. A connected compact group is totally factored if it is the topological product of solenoids. There is a t-isomorphism criterion, Theorem 4.5, for totally factored connected compact groups. These are concepts of the category of compact groups but they will follow by duality from well-known results in abelian groups.
We now review the explicit description of solenoids given in (Actually ∆ a can be made into a commutative ring with 1 a its identity.) Define the a-adic solenoid , 1) is the free cyclic subgroup of ∆ a × R additively generated by (1 a , 1) . Then Σ a is a one-dimensional compact connected Hausdorff group, [2, (10.13 
Evidently A a is an additive subgroup of Q containing 1, a so-called rational group.
For a ∈ A, the Pontryagin dual of Σ a is discrete and isomorphic to A a , [2, (25. 3)].
Theorem 4.2. The solenoids Σ a are exactly the duals of the discrete rank-1 torsion-free groups not isomorphic with Z while T ∨ ∼ = Z.
Proof. By [2, (25. 3)] the dual of Σ a where a = (a 0 , a 1 , . . .) is isomorphic with the rational group A a . It is left to show that every rank-1 torsion-free group not isomorphic with Z is obtained as A a for some a. Any rank-1 torsion-free group is isomomorphic with a rational group. Therefore it suffices to consider a given additive subgroup A of Q containing 1. Let A be such a rational group. It is wellknown and easy to see (by the partial fraction decomposition of rationals) that A = 1 p hp | p ∈ P where 0 ≤ h p ≤ ∞. Here h p = p ∞ means that all fractions 1 p n are included among the generators. Let P n = {p | 1 ≤ h p < ∞} = {p 1 , p 2 , . . .} and let P ∞ = {p | h p = ∞} = {q 1 , q 2 , . . .}. Both sets may be empty, finite or infinite. We now set
Then a = (a 0 , a 1 , a 2 , . . .) ∈ A if either P n is infinite or P ∞ = ∅. It is evident that
Note that P n finite and P ∞ = ∅ means that A = 1 p hp | p ∈ P ∼ = Z. In this case it is well-known that T ∨ ∼ = Z.
In the proof of Theorem 4.2 we saw that a solenoid Σ ∼ = T could be obtained in the form Σ h for the special sequence h given in (4.3). These sequences in turn were obtained from Σ ∨ ∼ = (1) The set of isomorphism classes of solenoids is in bijective correspondence with the partially ordered set T of types. Proof.
(1) and (2) just restate the conclusions reached preceding Corollary 4.4.
The duals of totally factored compact groups are the completely decomposable groups of discrete abelian group theory. Completely decomposable groups can be classified up to isomorphism by cardinal invariants, [1, Theorem 3.5] . We just state a rather unsatisfactory theorem leaving open the dualizing of the fine points (type subgroups, types of elements, homogeneous decomposition, [1, Chapter 12.3]) of the theory of totally factored compact groups. For example, the rank counts the direct summands of a completely decomposable group hence the dimension counts the factors in a totally factored compact group and it should be possible to see this without resorting to duality theory. On the basis of the known results we consider totally factored compact groups to be well understood.
The Main Factorization
The comprehensive treatise [3] contains the following result.
Theorem 5.1. Let G be a compact group such that G ∨ is torsion-free. Then G is metric and G ∼ =t T × K where K is torus-free and T is a characteristic maximal torus. In particular, Hom(T, K) = 0. This result says that G factors with a well-understood factor T and an obscure factor K. A compact group is clipped if it has no factor that is a solenoid. A discrete torsionfree group is clipped if it has no rank-1 summand. Clearly, a compact connected group G is clipped if and only if G ∨ is clipped. We will establish the following result.
Theorem 5.2. (Main Decomposition) Let G be a compact connected Hausdorff group of finite dimension. Then G has a decomposition G = K ×T such that T is totally factored and K is clipped. In particular, cHom(T, K) = 0 and cHom(G, Q ∨ ) = 0.
The result in Hofmann & Morris is more general in as much as it is not assumed that G is connected and finite dimensional, [3, Corollary 8.5] . To illustrate the difference between the two results we give an example. ∨ is torsion-free and nonzero. The image f (G) is embedded in Q ∨ and therefore f (G) ∨ is a torsion-free image of Q and hence f (G) ∨ ∼ = Q and therefore A has a direct summand isomorphic to Q, contradicting that A is clipped.
The factorization of a finite dimensional connected compact group as "totally factored × clipped" has strong uniqueness properties. We call two compact groups G, H nearly isomorphic if ∀p ∈ P∃ϕ ∈ cHom(G, H), ψ ∈ cHom(H, G), ϕψ = n1 H , ψϕ = n1 G , gcd(p, n) = 1.
The exact same definition is used for discrete torsion-free groups of finite rank. Near-isomorphism is weaker than isomorphism but preserves important properties such a direct decompositions, [1, Chapter 12.10, §10]. 
